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A general Lagrangian formulation of integrably deformed G/H-coset models is given. 
We consider the G/H-coset model in terms of the gauged Wess-Zumino-Witten action and 
obtain an integrable deformation by adding a potential energy term Tr{gTg^ 1 T) 1 where 
algebra elements T, T belong to the center of the algebra h associated with the subgroup 
H. We show that the classical equation of motion of the deformed coset model can be 



identified with the integrability condition of certain linear equations which makes the use 
of the inverse scattering method possible. Using the linear equation, we give a systematic 
way to construct infinitely many conserved currents as well as soliton solutions. In the case 
of the parafermionic SU(2)/U(l)-coset model, we derive n-solitons and conserved currents 
explicitly. 
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Integrable field theories in two dimensions (2-d IFT) have been successfully developed 
in the past decades. Recently, Zamolodchikov has shown that there exist deformations of 
conformal field theories (2-d CFT) with relevant operators which preserve integrability[l]. In 
the case of certain rational conformal field theories, these deformations have been explained 
in terms of the affine extension of the Toda field theory [2] [3]. However, a general Lagrangian 
framework for integrably deformed 2-d CFT's has not been known so far. 

The purpose of this letter is to provide a Lagrangian formulation of general G/H-coset 
models and their integrable deformations in the context of the gauged Wess-Zumino-Witten 
(WZW) model[4][5]. We show that an integrable deformation of general G/H-coset models 
is possible when the gauged WZW action for the G/H-coset model is added by a potential 
energy term Tr{gTg~ 1 T)^ where algebra elements T, T belong to the center of the algebra h 
associated with the subgroup H. In the case of SU(2)/U(1), this reduces to the Lagrangian, 
given recently by Bakas[6], of the parafermion model deformed by the energy operator $^3. 
The main observation of this work is that the classical equation of motion of the deformed 
coset model takes the form of a zero curvature which can be identified with the integrability 
condition of the associated linear equations with a spectral parameter. This allows us to 
apply the inverse scattering method to the problem and using this method, we give a sys- 
tematic way to construct infinitely many conserved currents and n-soliton solutions. As an 
example, we construct explicitly conserved currents and n-soliton solutions of the deformed 
parafermionic SU(2)/U(l)-coset model. 

We first recall that a Lagrangian of the G/H-coset model is given in terms of the gauged 
WZW functional [4] [5], which in light-cone variables is 

I(g, A, A) = I wzw {g) + i- J Tri-Adgg' 1 + Ag^dg + AgAg' 1 - AA) (1) 

where Iwzw{g) is the usual WZW action [5] for a map g : M ^G on two-dimensional 
Minkowski space M. The connection A, A gauge the anomaly free subgroup H of G. In this 
letter, we take the diagonal embedding of H in Gl x Gr, where Gl and Gr denote left and 
right group actions by multiplication (g — > gLddR 1 ), so that Eq.(l) becomes invariant under 
the vector gauge transformation (g — > hgh^ 1 with h : M — >-H). The key observation to be 
made is that the equation of motion of the gauged WZW action takes the form of a zero 
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curvature, 

5 g I(g, A, A) = J Tr[ d + g^dg + g' 1 Ag , d + A }g- l 5g = (2) 

which, together with the constraint equation 

5 A I(g,A,A) = j Tr( -dgg' 1 + gAg' 1 -A)SA = 

5 A I(g,A,A) = ±-jT I ( g -idg + g- 1 Ag-A)5A = 0, (3) 

describes the coset model at the classical level. 

Now, we consider a deformation of the G/H-coset model by adding a primary field to the 
gauged WZW action, 

I(g, A, A, (3) = I(g, A,A) + ^-J TrgTg-'f, (4) 

where j3 is a coupling constant and T,T are elements of the Lie algebra g associated with 
the Lie group G. In the following, we assume that T, T belong to the center of the algebra h 
so that [ d + A , T ] — [ d + A , T } = 0. In such a case, the equation of motion once again 
takes the form of a zero cuvature but with a spectral parameter A, 

[ d + g- l dg + g- l Ag + /3AT , 5 + A + ^g^fg ] = 0. (5) 

Since the term TigTg~ l T is invariant under the vector gauge transformation, so is the action 
I(g, A, A, f3) and the constraint equation remains unchanged which we solve explicitly for A 
and A, 

dirrih dimh 

A a = -J2 (M- 1 (g- 1 )y\dgg- 1 ) b , A a = £ (M~ 1 (g)) ab (g~ 1 dg) b (6) 

6=1 6=1 

where M ab (g) = 5 ab -\Tig- l Q a g<d b and 6 a are generators of g normalized by Tr0 a 9 fe = 25 ab . 
By taking the trace of Eq.(5) multiplied with any a G h, we may easily see that A and A 
also satisfy the zero curvature condition, i.e. [ d + A , 8 + A] = which reflects the vector 
gauge invariance of the action. In the following, we solve the zero curvature condition by 
A = HdH~ l and A = HdH^ 1 for some H and rewrite A and A in terms of H whenever 
necessary. Note that Eq.(5), with A, A given as in Eq.(6), is precisely the integrability 
condition of a couple of linear equations, 

(d + g' 1 dg + g- 1 Ag + p\T)^ = ; (B + A+ ^g^fg)^ — . (7) 



This linear equation and also the integrability condition generalize those of the affine Toda 
equation which can be solved by applying the inverse scattering method. [7] For example, con- 
sider a reduction of the GL(N,R)/U(l)-coset model by setting g = diag(ercp(0i), exp((f)j^)) 
and Tij = Tji where Tjj = 1 if % — j + 1 = 0,mod(N) and zero otherwise. If we fix the gauge 
by A = A = 0, then the integrability condition becomes precisely the affine SL(N,R)-Toda 
equation. Therefore, the deformed G/H-coset model constitute a more general integrable 
system than the affine Toda theories and as we will show below, a similar inverse method can 
be applied to the deformed G/H-coset model in obtaining infinitely many conserved currents 
as well as soliton solutions. 

In order to understand the symmetry of deformed coset models, we transform the linear 
equation in a different but equivalent form which makes the equation solvable by iteration. 
Let $ = ^ H^ 1 exp(\(3T 'z) so that the linear equation changes into 

<9$ + [ A , $ ] + \g- l Tg§ = (8) 
A 

and 

= 9$ + ^dHH- 1 + (g~ x dg + g^Ag)® + \(3[ T , $ ] 

= d$ + [A, $] + (g- 1 dg + g- 1 Ag) in $ + \p[T , $] (9) 

where the subscript m denotes the orthogonal decomposition; (g~ 1 dg + g~ 1 Ag) = (g~ 1 dg + 
g^Ag)^ + {g _1 dg + g^ 1 Ag) m according to the decomposition of the Lie algebra g = h © m 
and the constraint equation (3) has been used. Eq.(9) may be solved for <3> iteratively by 
assuming $ = J2m=o ^~ m ®m, $o = i@ which, combined with Eq.(8), leads to an infinite 
number of conservation laws, d.J m + dJ rn = ; m > 2, where 

J m = TrTig-'dg + g~ l Ag)^^ , J m = -TiTg^Tg®^ . (10) 

For m = 2 in particular, this becomes the conservation of the stress-energy tensor d^T^ = 0. 
Also, note that the integrability condition Eq.(5) is invariant under the exchange; 

d++5 , g^+g- 1 , , p\++j. (11) 

Repeating Eq.(8) through Eq.(10) with the above exchange, we obtain another set of infinite 
number of conserved currents, which together with Eq.(10), constitute the conserved currents 
of the deformed coset model. 
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Next, we present a systematic way to derive soliton solutions. First, by setting \1/ = i7$ 
we transform the linear equation into 

(d + U + \(3T)<5> = ; (d + \v)$ = (12) 

A 

where 

U = H^dH + E- x g- x dgE + H^g^AgH , V = H^g^TgH . (13) 

A trivial solution of Eq.(12) is given by g — 1 , A = A = , H = 1 and $ = $° = 
exp(—\(3Tz — \~ l Tz). As we show in the following, nontrivial soliton solutions can be 
obtained from the trivial one by employing the Riemann problem technique with zeros [8]. 
Let T be a closed contour or a contour extending to infinity on the complex plane of the 
parameter A. Consider the matrix function ipi(z,z, A) which is analytic with n simple zeros 
Hi, n n inside Y and tyiiz, z, A) analytic with n simple zeros Ai, \ n outside Y. We assume 
that none of these zeros lies on the contour Y and ip\ip2 = 1 for A ^ fii, Aj ; i = 1, n. We 
normalize ipi,ip2 by ^i(oo) = ^2(00) = 1. Differentiating $°$ 0_1 = ipiip 2 = 1 with respect 
to z and z, one can easily see that 

^^i+vr 1 ^! = -fy^-fojT^ 1 . (i4) 

Since ^1(^2) is analytic inside (outside) Y, we find that the matrix functions U and V, 
defined by 

U = -dZC 1 + WTC 1 - A/3T ; V = -XdCr 1 + CTC 1 (15) 

where £ = -^f 1 or £ — ^2 depending on the region, become independent of A. Also, <3> = £<3> 
satisfies the linear equation; 

(d + U + A/3T)$ = , (9 + = . (16) 

A 

If we make an identification U = U , V — V , $ = $ with [/, F as in Eq.(13), [/ and V 
in general provide nontrivial n-soliton solutions of deformed coset models. In order to prove 
the existence of matrix functions ip\ and ip2 with the properties as stated above, we construct 
them explicitly in the following; since ^1^2 — 1> the zeros of ^1 are the poles of t/> 2 and vice 
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versa. Thus we consider the ansatze; 

n R n A 

^=i+eA.^=i+eA- (17) 

1=1 A ~~ A ' s=l A ~~ 

where the matrix functions A s (z,z), Bi(z, z) are to be determined. The fact that ipiip2 = 
1 requires A s and B\ to satisfy algebraic conditions which may be obtained through the 
evaluation of residues of the equation ipifa = 1 at A = Xi,fJ, s , 

AqBi „ J\ A q Bi 

As + Y.^ Lj r = n> b ' + Et a1 = ' ( 18 ) 
l=1 Us - M s= i A; - /^s 



Also, the residues at A = Xi, fi s of Eq.(15) require 

1 A 

2 ^—n»i'>i + Wfl.) c . 1 , v , 

= 1 — /^s s= i A; — /i s A; 



n A n A 1 

(1 + E T— + \if3TBi) =0, (1 + 2 t— + ~T~TBi) = (19) 



as well as 



n 75 1 n R 

(M S -// S /M S T)(1 + E S-) = > (^s--^)(l + E S-) = - ( 2 °) 

»=1 A*s — A 2 A*s i = i /is — <"V 



In order to solve Eqs.(18)-(20), we assume that (A s )ij = mfrij , (-Bz)y = s \^j- Then Eq.(18) 
becomes 



s[ + EE ^ = 0) n s_ EE %^ = Q (21) 
k s =l A / - /is fc /=1 A; - /i s 

and Eqs.(19) and (20) become respectively 

(9 + A,/37>' = , (<9 + ^T)s l = and <9n s - /i s /3n s T = , <9n s - — n s T = . (22) 

A/ /i s 

Note that n s and s l can be solved in terms of arbitrary constant vectors n s and s l , 

< = E"? 1 *"^ n , *i = EPW]^ » ( 23 ) 

while m s and t z can be obtained in terms of n s and s l by solving the linear algebraic equation 
(21), 

n n 

< = -E*'(*0' s , *! = E(*0'X, (24) 

i=l s=l 
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where w sl = J2k n k s k/(^i ~ A*s)- Having determined and ip2 as above, we finally obtain 
n-soliton solutions by evaluating Eq.(15) at A = oo, 

n 

U = H~ l dH + H~ x g~ x dgH + H~ x g~ x AgH = {3 ^{TB S + A S T) 

s=l 

V = H- 1 g- 1 fgH=-Y,dA a + f. (25) 

Of course, instead of taking the value at A = oo, we may evaluate U, V at A = which 
results in U — —d£(z, z, 0)^~ 1 (z, z, 0) ; V = £(z, z, 0)T^~ 1 (z, z, 0) leading to the same result. 
In general, further restrictions are required for ip\ and ip 2 depending on the specific coset 
structure. For example, if G and H are unitary, U, V in the linear equation become anti- 
hermitian which in turn impose further restrictions on £, 

e t (A)=e(A*)- 1 (26) 

where A* is the complex conjugation of A. This requires that A; = /if and A\ = Bi, or 
n s * = sf,mf* = tf so that n s * = sf. Then the matrix w sl becomes 

w si = (a, - Kr'^nnKnAn^jknT- m 

ijk 

Beside of unitarity, we may impose other types of restrictions according to the specific group 
structure of G as well as reductions by discrete subgroups of G and H. These cases will be 
considered elsewhere. 

Having demonstrated a systematic way to construct conserved currents and soliton so- 
lutions, we take the deformed parafermionic SU(2)/U(l)-coset model as an example and 
compute explicitly conserved currents and n-soliton solutions. We fix the gauge in such a 
way that the group manifold is parametrized by 

/ U — UU* \ 
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(28) 



\ iy/l — UU* U* ) 

We choose the center elements T = — f = ia 3 = diag(i, —i). Then, the connections A, A are 

u*du — udu* - udu* — u*du - . . 

4(1 — uu*) 4(1 — uu*) 



The linear equation (7) now becomes 



,u*du — udu* 1 
d^> + —a 3 + 



4(1 — MM*) v^T 



MM 



( 

\ — idu 



-idu* 




+ i\Pa 3 )^ = (30) 



and 



2MM* - 1 2iu*y/l - MM* 

4 ^ - UU ^ "° M -2mv^ 1 - 2mm* 



r udu* — u*du i 
+ (— —^3 - 



)tt = (31) 



whose integrability gives rise to the classical equation of motion of u and m*; 

u*dudu 



ddu + 
ddu* + 



1 — MM' 

udu*du* 



1 — MM* 



+ 4/5m(1-mm*) = 
+ 4/3m*(1 — mm*) = 



(32) 



and the U(l)-current conservation law cM — = {dJ\ + dJ\)a 3 = which arises, after the 
gauge fixing, from the remaining global U(l)-invariance of the action under u — > ue le and 
m* — > M*e~ le . In order to obtain higher conservation laws, we consider the recursive equation 
(9) which in the present case is given by 

/ -idu* 



udu* — u*du. x . 1 

d ®m + — -tH $ m , ^3 ] + 



d$ m + 



4(1 - MM*) 

udu* — u*du 

4(1 - MM*) 



Vl — MM* 

/ 2mm* - 1 



\ —idu 

2m VI - uu* \ 



®m + i(3[ ^3 , ®m+l } = 

$ m _! = 0. (33) 



\ -2iuy/T 



uu* 



With $ m = 



Qm 



( Pm q m \ 



\ T m S m J 

[dz 



1 - 2mm* J 
, Eq.(33) may be solved iteratively in components; 

idu* 

=r m + dz(i(2uu* - l)p m -i - 2u*VT^uu*r m _ 1 )] 
uu* 

n*f)ii — nf)n* idu* 

S m -l) 



Vl — uu 
i , u*du — udu* 

+ 2(1 - MM*) ^ ~ 



Vl — uu* 

i u*du — udu* idu . 

2jJ 2(1— MM*) VI — MM 

[dz =q m + dz(2uy/l - uu*q m ^ + i(l - 2uu*)s m _ 1 )] 

VI — MM* 



(34) 



With $o = i/3, the first iterative solution $1, for example, is 

f 0u*0u idu* 

Pi = \dz-— — dz6(2uu* — 1)1 , oi = — , 

y J 1 2(1 -mm*) HK n,H 2y/l - uu* 

= idu f i_ dz 9u * du + dzpftuu* - 1)] . (35) 

2y/l - uu* J 1 2(1 -uu*) HK n K ' 

Higher conservation laws; dJ m + dJ m = ; m > 2 also result from Eq.(33) with currents 

J m , J m defined by 

idu* - 

J m = /-, J m-l ! Jm = 2u* V 1 ~ UU*T m ^ 2 - l{2uU* - l)p m -2 ■ (36) 

yl — uu* 

For m = 2, the conservation law becomes 

- - 1 - / BijBij* \ 

d.J 2 + dJ 2 = -d + (3d{2uu* - 1) = (37) 

2 \ 1 — uu J 

which is the conservation of the stress energy tensor, d^T^ z = 0. Higher order conserved 
currents (m > 3) in general become non-local.0 For example, 

i dn* dn r — 

h = „[- h d{ U ) + hh - M / dzJ 2 - dzJ 2 )\ 

p 2\fl — uu v 1 — uu J 

J 3 = —iu*du — -oJ%{ J (dzJ 2 — dzJ 2 ). (38) 

This however can be made local if we redefine currents j' 3 = J 3 + i(3~ 1 J 2 (J dzJ 2 — dzJ 2 ) and 
J3 = J 3 + J 2 (J dzJ 2 — dzJ 2 ) which satisfy df 3 + = 0. 

Finally, we calculate explicitly n-soliton solutions of Eq.(32). Eq.(25) for the SU(2)/U(1)- 
case becomes 

/ 2mm* - 1 e~ 2ih 2iu*yjl - uu* \ 

\=-J2idA s + a 3 (39) 
V -e 2ih 2iuy/l - uu* 1 - 2mm* / s=1 

where Aih = J z dz (u*Bu — udu*)(l — mm*) -1 and 

n 

k,m 1=1 

$°(A) = exp(-i(3\a 3 z - —a 3 z) 

iX 



w 



sl = (A, - A^^nf e Asi + n s 2 n l * e - A 



A sl ee i/3(A; - A,)* - i(i - (40) 



I would like to thank I.Bakas for raising questions at this point. 



If we write u = re td , n-soliton solution can be obtained directly from Eq.(39) such that 



r 2 = 1-tiEdAl 



s=l 



1 „2 n n n 

9 = -7/ ^'E^u(^E^-^E^i)- 

4 J s=l s=l s=l 



(41) 



In particular, if we choose n — 1 and write Ai = /ce , we obtain the one soliton solution, 

2 (exp(2/3Kzsin5 + 2K~ 1 zsin8) — i]exp(—2j3Kzsin5 — 2K~ 1 zsin5)) 2 + 4r]cos 2 S . 



(42) 



(exp(2j3nzsin5 + 2n~ 1 zsin5) + r]exp(—2(3K,zsin5 — 2K~ 1 zsin5)) 2 



and 



cosO = 



exp(2(3nzsin5 + 2k 1 zsin5) + i]cos25exp(—2(3Kzsin5 — 2k 1 zsinS) 



■ (43) 




Kzsin5 + 2k 1 zsin5) — r)exp(—2(3Kzsin5 — 2k 1 zsin5)) 2 + 4r]cos 2 S 



In this letter, we have shown that, to each coset G/H, there exist a corresponding inte- 
grable field theory which arises from a deformation of coset conformal field theory. At the 
classical level, these models are shown to generalize the affine Toda field theories and possess 
infinite dimensional symmetries as well as soliton solutions. The quantum aspect of these 
models are of great interest and will be considered elsewhere. 
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